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The effect of external non-stationary perturbations on the asymptotic properties of solutions of systems of non-linear differential
equations is investigated. A method is proposed for constructing Lyapunov functions, aimed at establishing conditions under
which the perturbations will not destroy the asymptotic stability, instability or boundedness of solutions of a system. It is shown
that the order of the perturbations may be less than that of the right-hand sides of the unperturbed equations. © 1996 Elsevier
Science Ltd. All rights reserved.

1. Consider the system of differential equations
x, = f(X) 1.1

(throughout this paper, s = 1,.
Together with system (1.1), we w1ll consnder the perturbed system

k
x; = f,(X)+ ZI b (1)h;(X) (1.2)
1=

where f;(X) are homogeneous functions of order p, #;(X) are homogeneous functions of order o, where
i and ¢ are rational numbers with odd denomlnators and the functions bg(t) are continuous and
bounded for ¢ = 0 together with their integrals

j b;(t)dt
0

We shall assume that f;(X) are twice continuously differentiable and 4,(X) are continuously differen-
tiable functions, p > 1,0 > 1.

Our problem is, under what conditions does asymptotic stability (or instability) of the solution
X = 0 of system (1.1) entail the similar property of the trivial solution of the perturbed system?

2. Stability theorems based on non-linear approximation were first established by Malkin and
Krasovskii [1, 2]. They assumed, however, that the order of the perturbations was higher than that of

the right-hand sides of system (1.1), i.e. 6 > p. When ¢ = p, however, perturbations of the above form
may destroy the asymptotic stability of linear systems [3]. In other words, if a system

n
Xy = z ayX;
j=1

where ag; are constant coefficients, is asymptotically stable, this does not necessarily imply that the same
is true of the perturbed system

k= 3 (ag+by (s,
j=1
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We shall show that for non-linear systems asymptotic stability of the trivial solution may also be
preserved when ¢ < .

Theorem 1. Let the trivial solution of system (1.1) be asymptotically stable, and assume that
20>+ 1 2.1)
Then the trivial solution of system (1.2) is also asymptotically stable.
Proof. It has been shown [4] that if the trivial solution of system (1.1) is asymptotically stable, then

positive definite functions V(X) and W(X) exist, homogeneous of orders m and m + p — 1, respectively,
such that

g £ (X)=-W(X)

Q)
<

and moreover the function V(X) is twice continuously differentiable.
Construct a Lyapunov function for system (1.2), in the form

noo9v
= z;, ‘a— b_\;,‘ (T)dthj(x) (2.2)

|| M»
O e

It can be verified that V(¢, X) satisfies all the conditions of Lyapunov’s asymptotic stability theorem [5].

This method of constructing Lyapunov functions for non-linear non-stationary systems may also be
used to obtain sufficient conditions for instability.

Suppose that the trivial solution of system (1.1) is unstable, and that a function V(X) exists satisfying
the conditions of Lyapunov’s first instability theorem [5]. Let us assume that V(X) is a twice continuously
differentiable homogeneous function. Conditions for the existence of functions of this kind were obtained
in [2, 6].

Theorem 2. If inequality (2.1) is true, the trivial solution of system (1.2) is unstable.
The proof is analogous to that of Theorem 1.
Let us now investigate the conditions for system (1.2) to be dissipative.

Definition [7]. System (1.2) is said to be uniformly dissipative if a number R > 0 exists such that, for
any H > 0, one can find a number T > 0 for which, whenever 0= 0,t =, + T

Il X(t, XO, 10) <R

provided that || X, || = H.

We shall assume that f(X) and A; (X) are continuous homogeneous functions, g > 0, ¢ > 0. Suppose
that the trivial solution of system (1] 1) is asymptotically stable, and that a positive definite continuously
differentiable homogeneous function V(X) exists whose derivative along trajectories of system (1.1) is
negative definite. Using this function, one can establish [7] that, if 6 < p, system (1.2) will be uniformly
dissipative. The construction of a Lyapunov function for system (1.2) in the form (2.2) enables one to
improve the dissipativity conditions in the case when 0 < p < 1.

Theorem 3. If the functions

gxh(X) j=1....k

N

are continuously differentiable and, moreover
O<u<l, 20<pu+1
then system (1.2) is uniformly dissipative.

Remarks. 1. The method proposed here for constructing Lyapunov functions may also be used to investigate
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certain types of non-linear systems in which the right-hand sides are not homogeneous functions of the same order.
2. If the functions b (f) satisfy certain additional conditions, the assertions of Theorems 1-3 may be strengthened,
using a slightly modified construction of the function V;(¢, X) [8].
3. We will now consider a few examples illustrating the application of the above theorems.
Example 1. Suppose we are given a system of equations

i, = U(X)/ ax, (3.1)

where U(X) is a continuously differentiable negative definite homogeneous function of order p, p > 1.
We know [5] that the trivial solution of system (3.1) is asymptotically stable, and a suitable Lyapunov function
is

V(X)=

“ N

x

(3.2)

Wi M=

[SY

Consider the perturbed system

k
b =§a—(U(X)+ ) b,(r)u_,-(X)] (3.3)
j=l

Xy

where Uy(X) are continuously differentiable functions, homogeneous of order 6, ¢ > 1, and the functions by(¢) are
continuous and bounded for ¢ = 0 together with the integrals

!
(j) b;j(t)ydt 3.4)

Using the function (3.2), we see that if 6 > p, the trivial solution of system (3.3) is asymptotically stable, but if
G < W, system (3.3) is uniformly dissipative.
The function V; constructed according to formula (2.2) is

k
V=V(X)-0 ¥ | bj(t)dtU;(X)
j=10

Applying Theorems 1 and 3 we can improve the conditions for asymptotic stability if p > 2: 26 > pu + 2; but
for 1 < p < 2 the dissipativity conditions are improved: 26 < p + 2.

Example 2. Consider a mechanical system whose performance is governed by the equations

where the function

. 1. .
T@.@)=54"A@4q (35)
corresponds to the kinetic energy of the system; the matrix A(q) is continuously differentiable and the quadratic form

qTA0)q

is positive definite.
Let U be expressed in the form

U(q) = W(q) + R(q)

where W(q) is a continuously differentiable positive definite homogeneous function of order y, p > 2, and R(q)
is continuously differentiable and has the property

hq i +3R/Bg -0 as q— 0.

By Lyapunov’s theorem on the instability of equilibrium (see [5]), the equilibrium position q = q = 0 is unstable,
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and the function

satisfies the conditions of Lyapunov’s first instability theorem.
Let us assume, moreover, that

k
U(g.)=W(q)+ X b;(NU;(q)+R(q)
i=) '

We will assume that the perturbations have the properties indicated in Example 1.
Taking a Lyapunov function

n k 1t
Z 5———02 [ bj(1)dtU;(q)
s=} j=to

for the perturbed system, we see that if 26 > p + 2, the equilibrium position q = ¢ = 0 will also be unstable.

Example 3. Suppose the motion of a mechanical system is governed by the Lagrange equations
————=——+0,(1,q) (3.6)
dq,

where the kinetic energy 7(q, q), as in Example 2, is the quadratic form (3.5) and P(q) is a positive definite twice
continuously differentiable homogeneous function of order A, A > 2.
Let us assume that the generalized forces are

Q, =0W(q)/ dq,

where W(q) is a continuously differentiable negative-definite homogeneous function of order, p, p > 2. Thus, the
generalized forces are dissipative and the equilibrium position q = q = 0 of system (3.6) is asymptotically stable

éonsider the Lyapunov function [9]

n oP
V=T+P+a} 2
s=I1 aq\(aq\J

where o is a positive constant and r is a rational number with odd numerator and denominator, r = 1. If r = A/
[2(A - 1)], then, for sufficiently small o, the function V is positive definite, and its derivative along trajectories of
system (3.6) is negative definite.

Now consider a perturbed system, with the generalized forces in the form

k
0, =5?_(W“"”,§. b,-(:)w,-(q)}

A

As in Examples 1 and 2, we shall assume that W(q) are continuously differentiable homogeneous functions of
order ¢, ¢ > 2, and that the functions A{r) are contmuous and bounded for ¢ = 0 together with the integrals (3.4).
We construct a Lyapunov functions tl the perturbed system in the form

W=V-0% | bjmdtWi@-af % ;bmm[a”)
j=1 o s=t j=10 aq, aq.\-

Checking whether the function V; satisfies the conditions of Lyapunov’s asymptotic stability theorem, we see
that if

o>max{p/2+ 1; u—-1+2/A}
the perturbations do not destroy the asymptotic stability of the equilibrium positio. q = ¢ = 0.

I wish to thank V. 1. Zubov and F. L Chernous’ko for their interest, and A. P. Zhabko for useful
discussions and comments.
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